INTRODUCTION
The ever-growing demand for higher cooling capacity of cooling systems for electronics components has resulted in the advent of novel methods utilising phasechange heat transfer for massive heat removal [9] . The actual cooling occurs in such methods typically via boiling. Boiling heat transfer offers substantially higher cooling capacity, compared to conventional cooling techniques using single-phase heat transfer, due to the considerable amount of latent heat dissipated by the coolant during its liquid-to-vapour phase change. The actual cooling sections of these novel cooling systems are often essentially pool-boiling systems in that they lean on natural convection as means for heat transfer through the boiling medium (Fig. 1 ).
Despite its importance as physical model problem for electronics cooling (as well as many industrial applications [14] ), studies on pool boiling are, owing to its immense complexity, to date mainly experimental and empirical. Theoretical and numerical investigations are scarce and in general limited to local phenomena. This motivates the theoretical-numerical study on global behavioural aspects of pool boiling below.
Pool-boiling systems encompass three fundamental boiling modes, viz. nucleate, transition and film boiling, which occur successively with increasing temperature [5] . Nucleate boiling is, contrary to film boiling, an efficient and safe heat-transfer mode and thus the desired state in typical applications. Nucleate boiling transits into film boiling upon exceeding the critical heat flux (CHF) by e.g. excessive heat supply. Key issue for optimal and reliable cooling capacity thus is better understanding of the conditions that determine CHF. This is intimately related to the formation and stability of multiple (steady) states on the interface [2] . The study hereafter considers the former aspect by investigating the steady-state behaviour of a threedimensional (3D) pool-boiling problem.
The present study is performed in terms of the 3D model problem proposed in [13] . Key to this model problem is the phenomenological connection between the local state of aggregation of the boiling medium and the local temperature on the fluid-heater interface at mesoscopic length-and time scales 1 : 'lower' and 'higher' temperatures correspond with the liquid and gaseous phases, respectively. This notion admits description of the (qualitative) behaviour of the poolboiling problem entirely in terms of the temperature field within the heater. Thus the pool-boiling problem collapses on a nonlinear heat transfer problem for the heater that accounts for the fluid heater heat exchange by a prescribed heat-flux relation. This heater-only approach expands on that proposed in [3] , [12] and leans on concepts originally advanced in [7] . The discussion is organised as follows. Section 2 introduces the mathematical model problem. Section 3 presents the reduced model problem that results from treatment of the former with the method of separation of variables and a Fourier-collocation method, together with generic 1 Mesoscopic means locally averaged in space and time over intervals larger than bubble dimensions and bubble lifetimes in order to smooth out microscopic short-term fluctuations [11] .
properties of its solutions. The solution strategy for the reduced model problem is discussed in Section 4. The generic steady-state behaviour of the model problem is demonstrated in Section 5 for a representative case study. Conclusions are in Section 6. 
MODEL PROBLEM
The study considers the non-dimensional rectangular (Fig. 2a) . The steady-state heat transfer within D is governed by with T(x) the non-dimensional temperature excess (i.e. portion of the temperature above the boiling point of the medium) and T F its value on the fluid-heater interface Γ F . The corresponding system parameters are D 1 and D 2 (horizontal and vertical aspect ratios, respectively, of the heater), Λ (non-dimensional thermal conductivity) and Π 2 (ratio typical heat extraction to constant heat supply). (The non-dimensional heat supply and heat extraction amount to H q = 1 and F q = Π 2 q F , respectively.) The nonlinear heat-flux function q F (T F ) is specified below and introduces two further system parameters. The non-dimensional problem readily follows from dimensional analysis of the underlying physical configuration [13] .
Physical considerations stipulate that the heat-flux function q F (describing the local fluid-heater heat exchange) must be qualitatively similar to the boiling curve (describing the global fluid-heater heat exchange). (Consult [5] on boiling curves.) Local liquid-to-vapour phase change with increasing temperature results, phenomenologically similar to the global nucleate-to-film boiling regime change in the boiling curve, in a sharp drop in local heat-transfer coefficient and, consequently, local fluid-heater heat exchange. We adopt the heat-flux function proposed in [12] , Fig. 2b shows the case W = 1 and Π 1 = 4.
REDUCED MODEL PROBLEM
The generic solution to (2.1) that incorporates the Neumann conditions on Γ H,A follows from the method of separation-of-variables [8] and is given by:
T the Fourier spectrum of the temperature on the
The spectrum np T is the remaining unknown of the problem and is governed by the nonlinear boundary condition on the fluid-heater interface Γ F . Substitution of (3.1) into this nonlinear condition yields with T F (x, y) and np T according to (3.2) .
Thus the 3D steady-state problem (2.1) for T(x, y, z) reduces to the 2D boundary problem (3.3) for T F (x, y).
In the present study we distinguish homogeneous (constant) and heterogeneous (non-constant) interface temperatures T F . The specific properties of each of these kinds of solutions and its ramifications for the corresponding 3D solutions (3.1) are elaborated below.
In case of homogeneous T F we have 00
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SOLUTION STRATEGY
The homogeneous solutions follow through resolution of (3.5) with a Newton-type root-finding algorithm. Resolution of the heterogeneous solutions hinges on spectral approximation of condition (3.3) with a Fourier-collocation method [4] . This results in the following discrete problem: determine such that for all 0 ≤ i ≤ N, 0 ≤ j ≤ P, with (x i , y j ) the nodes in which (3.3) is enforced identically. (Consult [13] for a detailed exposition on the manifold technicalities involved with the above discretisation.) Relations (4.2) define the nonlinear set of equations that determines the matrix of nodal values T , with elements T ij = T F (x i , y j ), and is in compact notation given by
with T the sought-after (discrete) solution and Π the system parameters specified before. Important to note is that the properties underlying formation of k-clusters of continuous solutions (Section 3) are preserved identically by the corresponding discrete approximations.
The nonlinear system (4. The principal reason for introduction of the nonlinearity parameter is that the clusterwise emergence of heterogeneous solutions implies pitchfork bifurcations undergone by (4.3) as underlying mechanism, which is an essentially nonlinear phenomenon that happens only for λ > 0. Thus continuation λ → G(T , λ) = 0 from λ = 0 to λ = 1 offers a way for systematic isolation of these pitchfork bifurcations and, in turn, the k-clusters of heterogeneous solutions for given system parameters Π.
Heterogeneous solutions belonging to a given k-cluster collapse in the underlying pitchfork bifurcation on the corresponding bifurcating solution. The simplest of such bifurcating solutions are homogeneous solutions (3.4), of which the pool-boiling problem always admits at least one. Furthermore, laboratory experiments [2] suggest that heterogeneous solutions are restricted to the transition boiling regime and emanate (at least in part) 2 Here an in-house continuation algorithm of the Chair of Process Systems Engineering, RWTH Aachen, has been used that is based upon techniques described in [6] . Elaboration on this algorithm is beyond the scope of this communication.
directly from homogeneous solutions that become unstable during switching between the nucleate-boiling and film-boiling regimes and vice versa. Hence, based upon these considerations, we restrict analysis of the nonlinear system (4.3) to the isolation of homogeneous solution branches and heterogeneous solution branches that may emerge from pitchfork bifurcations on the homogeneous ones. 
A REPRESENTATIVE CASE STUDY
The generic steady-state behaviour of the model problem is demonstrated hereafter for a representative case study. We consider the steady-state pool-boiling problem (2.1) for a fixed parameter set, namely Λ = 0.2, D 1 = 1 (square interface), D 2 = 0.2, Π 1 = 4, Π 2 = 2 and W = 1. The (multiple) steady-state solutions are determined with the methodology proposed in Section 4. Homogeneous solutions are obtained by means of a standard Newton-type root-finding algorithm applied to (3.5); heterogeneous solutions follow from continuation of the nonlinear system (4.3) in the nonlinearity parameter . Important to note is that for smooth heatflux functions (i.e. W > 0) the truncated Fourier expansion (4.1) that underlies (4.3) exhibits exponential convergence. Thus the continuation algorithm yields highly accurate approximations to the continuous solutions at any position (x, y) ∈ Γ F for moderate resolutions (N,P). Here (N,P) = (36, 36) has been used.
Homogeneous solutions
The homogeneous interface temperatures T F are given implicitly by (3.5) and coincide with the (multiple) intersection(s) between the heat-flux function q F and the normalised heat supply (Fig. 2b) . For determination of the physically-meaningful homogeneous solutions it suffices to resolve (3.5) for λ = 1 only. However, the continuation strategy for the heterogeneous solutions leans on the premise that the latter emerge from pitchfork bifurcations of homogeneous solutions that happen somewhere in the range 0 ≤ λ ≤ 1 (Section 4). Hence, the homogeneous solution branches of (4.3) must be isolated through resolution of (3.5) in the entire range 0 ≤ λ ≤ 1. Two essentially different situations occur, as illustrated in (Fig.   4a) ; (ii) three solutions ( (Fig. 4b) . Both situations are connected through the degenerate case λ = λ*, for which the local minimum of the heat-flux function q F is tangent to the normalised heat supply 
Heterogeneous Solutions
Multiple (heterogeneous) solutions emerge through bifurcations of the function λ → T (λ), with T (λ) a solution of G(T , λ) = 0. Bifurcations occur at λ-values for which the Jacobian J = ∂G(T , λ)/∂T of G is singular [6] . The corresponding non-trivial null solutionsW, governed by J(W) = 0, are the (locally) linear departures from the bifurcating solutions T through which the system admits additional solutions T + W, with → 0, and its dual solutions.
The present study concerns only bifurcations by the homogeneous solutions ( Continuation of the bifurcation solutions reveals that the heterogeneous features, essentially similar to said 2-cluster, grow more pronounced with increasing λ. Further similarity exists in that, first, the symmetry relations (5.2) are preserved throughout the evolution towards the physical state λ = 1 and, second, the latter state remains dominated by the Fourier modes corresponding with wave numbers (n 1 , p 1 ) = (p 2 , n 2 ) = (2, 0). Both the symmetries (5.2) and the dominance of said Fourier modes in its appearance are evident in the physically-meaningful (λ = 1) state of the 4-cluster shown in Fig. 7 .
Further examples may be found in Fig. 8 . Shown are the physically-meaningful (λ = 1) parent solutions T F of other 4-clusters the pool-boiling problem admits for the present case study. Properties are essentially similar to those described above. The dual solutions (3.6) corresponding with T F in the top row follow from the symmetry relations:
and those for T F in the bottom row from relations thus offering some insight into the variety of symmetries that underly the formation of the k-clusters. The numerical analysis of the present case study isolated two 2-clusters and ten 4-clusters of heterogeneous solutions, combined with the three homogeneous solutions, amounting to a total of 47 different solutions. However, notwithstanding the investigation suggesting otherwise, emergence of further heterogeneous solutions from possible bifurcations undetected thus far cannot be ruled out conclusively at the present level of understanding of the system. Further research is underway to address this issue.
The strong transition in local fluid-heater heat exchange q F (Fig. 2b) around T F = 1 signifies a phase change; T F < 1 and T F > 1 phenomenologically corresponds with local liquid and gaseous states of aggregation, respectively. Heterogeneous solutions as those disclosed above have interface temperature distributions that comprise of sizable regions with T F significantly above or below unity, smoothly connected by highly-localised regions with T F around unity. This implies that, physically, these heterogeneous solutions correspond with two-phase states on the fluid-heater interface that, due to the dominance of specific Fourier modes, exhibit a high degree of regularity. This regularity leads to pattern formation on the interface by coexisting vapour patches ('dry spots') and wet regions. Figs. 6-8 nicely visualise the various patterns that may thus be created, where blueish and reddish regions correspond with liquid (T F < 1) and gaseous (T F > 1) states, respectively.
CONCLUSIONS
Three-dimensional (3D) pool boiling serves as physical model problem for electronics cooling by means of phase change heat transfer. Key for optimal cooling capacity is better understanding of the conditions that determine the critical heat flux, which is intimately related to the formation and stability of multiple (steady) states on the interface. To this end the steadystate behaviour of a three-dimensional pool-boiling problem has been studied in terms of a representative mathematical model problem. The latter involves only the heater and models the heat exchange with the boiling medium via a prescribed heat-flux function that is identified with the global boiling curve.
The method of separation of variables enables analytical reduction of the 3D model problem to a 2D reduced model problem for the temperature field on the fluidheater interface. Spectral approximation of this reduced model problem with the Fourier-collocation method yields a discrete nonlinear system by which a bifurcation analysis is conducted through numerical continuation. This bifurcation analysis is demonstrated by way of a representative case study. Conclusions of this analysis are below.
The system admits multiple (heterogeneous) steadystate solutions for given system parameters, thus exposing its essentially nonlinear nature. Heterogeneous solutions emerge clusterwise from pitchfork bifurcations undergone by the homogeneous solution in the transition-boiling regime, implying that heterogeneity is fundamentally a transition phenomenon. The heterogeneous solutions of a given cluster are interrelated through symmetry relations. Physically, heterogeneous solutions correspond with two-phase states on the fluid-heater interface and exhibit a high degree of regularity due to the dominance of specific Fourier modes. This leads to pattern Furthermore, perturbed unstable steady states always evolve towards one of the two stable states, exposing the pool-boiling problem as a bistable system.
The above findings are consistent with laboratory experiments [2] . This suggests that the proposed model problem provides an (at least qualitatively) adequate description of 3D pool-boiling systems. Currently underway is an extensive stability analysis. Further issues to be considered in future work may include the effect of different heating methods and stabilisation of pool-boiling systems via active control [1] . 
